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ABSTRACT: In paper 1, we described a differential-geometric representation of protein backbone structure
which reflects the influence of both short- and medium-range interactions. In this paper, we continue our
development of this representation, particularly of its application to the comparison of protein structures.
Initially, two mathematical features of the representation are discussed. They are (a) the dependence of the
curvature (x;) and torsion (7;) on the sign of p;p;,; (where p; is the scalar product of two nonperpendicular
unit vectors at the ith and (i — 1)th a-carbon atoms, respectively), and the conditions under which p;p;4, changes
sign, and (b) the existence (and size and shape) of a gap in the (x, 7) plane, centered on the 7 axis. Both of
these features lead to discontinuities in x and , analogous to those which exist in systems with periodic boundary
conditions. Application of these results to the distribution of residues in a large protein sample in (, 7) space
reveals the existence of a continuum of bend structures, ranging from ag-like bends through flat structures
to ap-like bends. A corrected treatment of chain handedness is then given, thereby greatly increasing the
utility of the differential-geometric method for determining chain handedness. A discussion is given of the
inversion of the (x, 7) representation to recover C* coordinates, and results of such an inversion are presented
for bovine pancreatic trypsin inhibitor. We then develop a function to represent the conformational distance
between structures represented by any two points in the (x, 7) plane. The utility of this distance function
is demonstrated by comparison with a new superposition method for backbone segments composed of four
C= atoms which requires no computational optimization of superposition. The differential geometric comparison
method is applied to two specific cases: (a) the comparison of reduced and oxidized cytochrome c, treated
preliminarily in paper 1, and (b) the comparison of oxidized cytochrome ¢ and glyceraldehyde phosphate
dehydrogenase. The results demonstrate the validity and utility of the differential-geometric comparison
method. This method is then used to illustrate the detection of conformational similarity between two portions
of a protein molecule, the test case being two domains of ferredoxin. Finally, a general discussion of the
differential-geometric representation is given. It is pointed out that this representation is complementary
to other representations of protein structure in current use, in that it operates on a length scale (that of four
C* atoms) not conveniently treated by these others. It is therefore capable of revealing structural features
that are not transparently evident in other representations. In addition, it is noted that comparison of the
(x, 7) and (¢, ) representations reveals a type of degeneracy in protein folding in which a given type of structure
on one length scale can be attained in several ways through combinations of structures on smaller length scales.

I. Introduction

In the first paper in this series® (hereafter referred to
as paper 1), a differential-geometric (DG) representation
of protein backbone structure was presented. The fun-
damental unit of folding treated by this representation is
a length of backbone consisting of four C* atoms (three
virtual bonds in the virtual-bond representation). The
conformation of such a unit is described in terms of the
curvature (x;), the torsion (7;) and the two virtual bond
angles (0;, 6,4;). It was demonstrated in paper 1 that the
various types of characteristic backbone structure fall into
regions of varying degrees of localization in the («, ) plane,
independent of the virtual bond angles. It was also pointed
out that the DG representation provides a method for
comparing the local folding of two backbone conformations
at every point along the chain. The preliminary method
suggested in paper 1 involved separate comparisons of «
and of 7 of the two conformations at each residue.

In this paper, we improve the comparison procedure by
constructing a function which represents the conforma-
tional distance between two points in the (x, 7) plane and
by using this function to measure the structural similarity
of two four-C* units. For this purpose, we first develop
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a number of mathematical properties of the DG repre-
sentation. We also correct an error in the discussion of
chain parity (handedness) in paper 1, thereby greatly ex-
tending the usefulness of the DG p;p;;; for determining
local parity.

In section II, we summarize the DG notation briefly. In
section III, we begin our treatment of mathematical
questions. Two points will be covered: (1) the dependence
of x; and 7, on the sign (r;), p;p;+;, and the conditions under
which p;p;+; changes sign, and (2) the existence, and the
size and shape, of a discontinuity in the (x, 7) plane, cen-
tered on the 7 axis. In section IV, we give a corrected
treatment of parity. In section V, we discuss the inversion
of the (x, 7) representation to recover C* coordinates.
Section VI deals with the construction of the distance
function in (x, 7) space and the comparison of conforma-
tions. Two methods are presented—a superposition me-
thod which allows the determination of actual atomic
deviations between two four-C* units without the necessity
for computational optimization of superposition and the
DG method. The former is used as a standard by which
to judge the accuracy of the latter. The DG method is then
used in section VII to discuss the comparisons of several

© 1980 American Chemical Society
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proteins. We close with some general remarks about the
differential-geometric approach to protein backbone
structure and its relationship to other representations.

II. Summary of DG Notation

We briefly summarize the notation and concepts de-
veloped in paper 1, for convenient reference.

The local coordinate frame at residue i is defined by
three unit vectors, ;, fi;, and b;, the tangent, normal, and
binormal, respectively (the caret denotes a unit vector).
These are defined by

. Vit vy
e M
[v; + Vil
Vi— Vis
8, = iy = p———ot 2
§ 7 P pllvi = Vil @
mfl ..
p; = — = = sgn (;H,,) 3
|1, B
b, =t x &, (4)
where
Vi=r-ry 6)]

is a virtual-bond vector and r; is the position vector of the
ith C*. The curvature (x;) and torsion (r;) at residue i are
defined in terms of these unit vectors:

qix; _ q; cos™ (#i48)

K== (6)
b il [Vt
g: = p; sgn [ X )by (7
ury;  w;cost (b;byyy)
7= }fY = 1 i *Yi+1 (8)
[Visdl [Visdl
u; = sgn (Bi+1'ﬁi) 9

It should be noted in connection with eq 2-4 that, by
definition, the initial condition for the recursion relation
involving A, is that p, = +1.

Because «; and 7; are constructed from the unit vectors
of the local coordinate frames at residues i and i + 1, they
are determined entirely by the coordinates of the four C*’s,
i.e., Cai_l_Cai+2_

The sign conventions embodied in g; and u; (which can
assume the values +1) were designed to ensure that there
is a unique relationship between the (, ) representation
and the coordinate representation. It was shown in paper
1 that the sign g; distinguishes between the two possible
values of the virtual bond angle 6, at C*,4,, for given ¥x;,
7;, and 6, The sign u; essentially defines the sense of
rotation about the central virtual bond v, of the four-C*
unit. As stated in paper 1, the sign factor p; guarantess
that any planar chain segment has zero torsion.

The virtual bond angle at C% is denoted by 6;, and two
auxiliary angles are defined by

w; = 6;/2 (10)

and
,=n/2 - w; (11)
In the ensuing work, use will be made of the vectors
T, =v;+ Vi (12)
M, =v,-vy (13)
N, =pM; (14)
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Bi = Ti X Ni (15)

It should be ngted that T;, M;, N;, and B; are parallel to
t;, m;, i;, and b;, respectively.

II1. Discontinuities in «; and 7;

A. Discontinuity in Bend Region Due to Change
in Sign of p,p;.1. In paper 1, it was observed that certain
conformational displacements of one four-C* unit relative
to another seem to result in an inversion of the sign of «;
and a change in both the sign and value of 7, We dem-
onstrate in this section and in the relevant appendices that
this is due to a change in the value of the product p;p;+;
(which assumes the values %1).

The following theorems are proven in Appendix L.

Theorem 1. (a) The sign of x; and the sign and mag-
nitude of 7; depend on p;p;4i.

(b) As the conformation of the four-C* unit passes
through a point in conformational space where p;p;s;
changes sign, the pair (x;, 7;) undergoes a discontinuous
change of values

{k;, 7) = Ry 7)) (16)

where
K = -k (17)
%i = —(7/IVisal = |7l) sgn (1) (18)

Theorem 2. The condition for a change of sign of p;p;+1
can be stated as follows. Let o be the angle between t; and
V41, € be the angle between 1, and £;, and p be the angle
between —v;,, and ;. Then

PP =-1if p > pg (19)
and
Dipi+ = Tl if p < pg (20)
where
o ) Vil
=~ -gf - cos (a + ¢) (21)
S { Viral }

These theorems are true for arbitrary geometry (i.e., virtual
bond lengths which vary from the standard value of 3.8

A).

Theorem 1 provides a mathematical basis for the ob-
servation noted at the beginning of this section and in
paper 1, and theorem 2 enables us to understand which
types of conformations are affected by the discontinuity
in (x, 7)) [i.e., in which regions of the (k, 7) plane the
discontinuity occurs].

The results of Appendix I suggest that these confor-
mations should include bends and closely related struc-
tures. Figure 1 shows that this is indeed the case. In this
figure we show the distribution of values of (k;, 7;) of
four-C* units with p;p;4; = +1 for a sample of 22 proteins
used in forthcoming work.* These values all fall in the
region of low-torsion (i.e., small 7) bends identified in paper
1 and in adjacent areas. As we have just demonstrated (in
theorem 1), this region is attainable from the corresponding
region with p;p;4; = -1 by a slight deformation of the
four-C* unit. Application of eq 16, using values of (x, 7)
from Figure 1, indicates that the low-torsion bend region
connects structurally at its 7 < 0 edge with the right-
handed helical region (x = 0.3-0.4; 7 > 0.4), and at its 7
> 0 edge with the left-handed helical region (x = 0.3-0.4;
7 < -0.4). It is therefore seen that a structural continuum
of bends exists, ranging from bends which resemble four-C*
segments of ag helices, through essentially flat bends, to
those which resemble four-C* segments of a; helices.
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Figure 1. Distribution of residues with p;p;4; = +1 in a sample
of 22 proteins. The numbers shown are number of occurrences
per (0.1 X 0.1) rad/A interval in the (, 7) plane.

Physically, the discontinuous jump of values of (x; 7;)
discussed in theorem 1 is produced when helical four-C*
segments or closely related structures are flattened in the
direction of U-shaped bend structures.

We are now able to understand the existence of some
points in the plot of (k, 7) for residues in the interior of
helices (Figure 6 of paper 1) which fall at a distance from
the main helical region. These are points where the local
conformation is slightly distorted from a perfect helix,
sufficient to invert p,p;4;.

Our next task is to determine quantitatively the path
in («, 7) space that constitutes the boundary between the
regions where p,p,+; = -1 and p;p;+; = +1. At any point
on this boundary, three equations are satisfied simulta-
neously:

(Vigr = Vig (v, = vipy) =0 (22)

(Vier + Vi) (Vi + Vi) = Vi + Vigallv; + Vi cos x;
(23)

[(Vier X V) (Viso X Vi) = [c0s ¥il|[Vier X Vi|[Virg X Vipy
(24)

Equation 22 is simply the condition for inversion of p;p;4+;
(eq I-23). Equation 23 is the definition of x; (eq 6), and
eq 24 arises from the definitions of v;, b;, and b;;;. In
Appendix II we solve these equations for |79, the value
of || at the point of inversion, as a function of x; (which
determines «;) and 6,, assuming standard geometry. As
shown in Figure 2, |7, is quite insensitive to §;, for fixed
k;. In Figure 3, we show the inversion boundary (computed
in Appendix II) superimposed on a map of the distribution
in (k, 7) space of all residues of the 22 proteins mentioned
above. It is very clear that the distribution of residues
follows the boundary; exceptions are due to deviations from
standard geometry.

In summary, in this section we have (a) established the
existence of the inversion between p;p;+; = +1 and -1 in
certain regions of (, 7) space, (b) deduced the conforma-
tional condition that is satisfied at the point of inversion,
viz., the condition on p with respect to pg, and (c) examined
the effect of the inversion on values of («, 7) of four-C* units
which undergo the inversion. These properties are re-
quired to define the distance between two points in the
(x, 7) plane and will be used in the construction of the
distance function to be established in section VI. In section
IIIB, we shall examine another property of (x, 7) space.

B. Discontinuity Centered at the r Axis Due to
Change in Sign of g, Another discontinuity which can
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Figure 2. Dependence of |7%| (defined in text) on 6;, for fixed
positive k. Corresponding curves for negative «; can be obtained
from eq I-11, which gives the transformation from p;p;y; = +1
to -1.
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arise in {(x;, 7;) is due to a change in the sign of ¢; uncon-
nected with any change in the sign of p;p;+;. Mathemat-
ically, this means that the factor multiplying p;p;+; in eq
I-15 can change sign independent of p;p;,;. Physically, this
effect can be understood readily by remembering that g;
distinguishes between the two possible values of 8;,, for
given values of 6;, 7;, and x; (as pointed out in section II
and, in greater detail, in paper 1). For certain values of
; and x; these two possible values of 6;,, lead to confor-
mations which are almost identical. This point is discussed
in greater detail in Appendix III, in which the following
theorems are proven.

Theorem 3. Let P, and P, be points (x;, 7;) and (x, 75)
in the (x, 7) plane such that (a) p;p;+; = -1 for both P; and
P, and (b) ¢, <0, kg > 0. Then any path in the (x, 7) plane
representing the transformation of a four-C* unit charac-
terized by (4, 71) to a conformation characterized by (s,
1) will involve a discontinuous jump across a gap in the
(k, 7) plane which includes the 7 axis. (It should be re-
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Table I
Corrected Parity Relationships® at Residue i
X; > Aj Xi < Aj
U; u;
qi +1 -1 q; +1 -1
+1 R L +1 R L
-1 L R -1 R L

¢ As shown in paper 1, positive and negative values of g;
correspond to the smaller and larger values, respectively,
of 6;,,. With this information and the sign of the torsion
(i.e., of u;), and the use of a molecular model, it is possible
to deduce the direction of twist of the chain and, hence,
the entries in this table.

membered that a point with p;p;+; = +1 and « < 0 is
equivalent to a point with p;p,4; = -1 and % > 0, by eq 16.)

Theorem 4. The gap in the («, 7) plane is butterfly (or
bowtie) shaped, with dimensions which are a strong
function of ;.

Details of the 8; dependence of the shape of the gap, and
a method for approximating this shape analytically, are
also discussed in Appendix III.

In this and the preceding subsection, we have established
the existence and investigated the properties of two types
of discontinuity in the (x, 7) plane; one is caused by a
discontinuity in p;p;+1, and the other is a discontinuity
about the 7 axis in the (x, 7) plane. Before proceeding (in
section VI) to the detailed construction of the distance
function in the (x, 7) plane, we digress slightly and discuss
a number of ancillary points connected with the DG rep-
resentation.

IV. Parity in («, 7) Space

In this section we correct an error in the division of the
(x, 7) plane into regions of definite parity (right or left
handedness) as set out in Table I of paper 1. The corrected
results are embodied in Table I of this paper. The cor-
rected parity map in the (k, 7) plane is shown in Figure
4. Application of eq 16 transforms all the points repre-
senting structures for which p;p;,; = +1 (whose distribu-
tion is shown in Figure 1) to new points with «;, > 0.
Comparison of Figures 1 and 3 shows that, once this
transformation is carried out, relatively few points fall into
the indeterminate region. Because the indeterminate re-
gion now has low population, the DG method is a much
mare powerful method for determining local parity than
we erroneously concluded in paper 1.

V. Inversion of the DG Representation

As was noted briefly in footnote 16 of paper 1, it is
possible (in standard geometry, where all virtual bond
lengths are the same) to make the inverse transformation
from |x;, 7;} to C* coordinates (using eq 13 of paper 1), given
the initial virtual bond angle 8,, We outline briefly how
this is done and present representative results for bovine
pancreatic trypsin inhibitor (BPTI). If the X-ray coor-
dinates of the protein under consideration depart signif-
icantly from standard geometry, then eq 13 of paper 1
cannot be used to determine the virtual bond angles, and
it is necessary to use observed values of the virtual bond
lengths and bond angles. This does not complicate the
inversion process significantly.

The method, which we illustrate here for standard ge-
ometry, involves the use of successive matrix transfor-
mations, familiar from earlier polymer work.? In this case,
however, the local coordinate frame at each C¢ is the (f;,
ii;, b;) frame rather than the traditional one of Flory.? A
vector r® which is expressed in the local coordinate frame
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Figure 4. Corrected parity (handedness) regions in the (x, 7)
plane. In the region marked “indeterminate”, parity cannot be
determined solely from a knowledge of (x, 7).

at C% can be expressed in the local coordinate frame of
Ce,_; by the transformation

riD = AG-Ldpl) 4 Vi(H) (25)
where v, is the virtual bond vector from C%_; to C%,

expressed in the local frame at { — 1, and the matrix is given
by

ti'tz~1 ni'ti-l bl'ti-l
Al-1.0) = Ei'aifl n;'n;_, b;'n;_, (26)
tibj. n;b;, b;-b;

We define the matrix
T(Z,m) = A(2,3)A(3,4)“.A(m—1,m) (27)

Then iteration of eq 25 gives the vector ¥® in the coor-
dinate frame of C*, (the first coordinate frame along the
chain in the DG method?®) as

@ = T@IpO + f T@ay,, @ (28)

g=2
It remains only to show how the vectors of interest can be
expressed in the local coordinate frame. We express —v,,
V.1, and v, in the coordinate frame at C%. This problem
is addressed for arbitrary geometry in section VIA. Here
we treat only the case of standard geometry (Jv;| = [ = 3.8

A).
It is clear by construction that the components of the
virtual bond vectors along t;, fi;, and b; are

(Vi+1)t = | sin (9;‘/2) (29)
(Vis)n = —pil cos (6,/2) (30)
(Visdp =0 (31)
and
(—v); = -l sin (6,/2) (32)
(=v;)a = -p;l cos (6;/2) (33)
(-v)p, =0 (34)

The three components of v;,, can be determined by solving
the following set of equations:

[Vieg| =1 (35)
Vigg'Viy1 = -2 COo8 0i+1 (36)
B (Vier + Vig) = [Viy + Viag cOS X (37

Equation 35 is simply the statement of the virtual bond
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Table II
Comparison of Observed Intramolecular Distances
between C* Atoms with Results of Inversion
of {x;, 7;} for BPTI

(0 Ry;eeled & R;;oPsd, &
(1, 58)¢ 8.38 8.23
(1, 29) 12.90 12,01

(29, 58) 12.34 12.31

¢ End-to-end distance.

length. Equation 36 is the statement of the virtual bond
angle, and eq 37 is the statement of the curvature «; (eq
1 and 6). The result is

(Vi+2)y = U sin (6,/2)(2 cos x; - 1) (38)

(Vieg)n = —Dll[%(1 - cos §;) ~ cos 8;4; —
2 cos x; sin (6;/2) sin (6;4,/2)]/cos (6;/2)} (39)

(Vis2b = ap[l? = (Vigg)y — (Vigg)n] /2 (40)
and
ap = Pipil; (41)

Equation 41 is derived in Appendix VI. Thus, eq 38—41,
together with eq 29-34, provide the components of v;, v;4y,
and v,y in the (t;, fi;, b,) frame at C%;, and eq 28 transforms
them to the local frame at C*,. The Cartesian coordinates
of the C* atoms are thereby determined.

We now apply this method to the inversion of {«;, ;} for
BPTI, using the experimental value of 6; and eq 13 of
paper 1 to determine the virtual bond angles (the §;’s) and
hence the components of the v;’s. The set of {x;, 7} was
determined directly from the X-ray coordinates of BPTI,
and the inverse transformation is used here to recover the
Cartesian coordinates from {x;, 7). The use of eq 13 of
paper 1 is justified here by the fact that the X-ray structure
of BPTI is a highly refined one,® which conforms closely
to standard geometry. Selected intramolecular (C%- C%)
distances are shown in Table II, as calculated from the
actual X-ray coordinates and from {;, 7;}, using [v;| = 3.8
A. Tt is readily seen that the two sets of distances corre-
spond within the accuracy of the X-ray coordinates. The
small remaining deviations are due to residual divergences
of the virtual bond lengths in the X-ray coordinates of
BPTI from the standard value of 3.8 A. As we remarked
previously, it is to be expected that less satisfactory cor-
respondence will result for X-ray structures which are less
highly refined than the BPTI structure if the above me-
thod based on standard geometry is used. In such cases,
however, actual virtual bond lengths and angles should be
used, and equally good results should obtain. It is not
clear, though, why one would want to perform such an
inversion on structures that deviate significantly from
standard geometry.

VI. Comparison of Conformations

We have now laid the groundwork for the actual con-
struction of the distance function in (x, 7) space which will
be used for the comparison of conformations. In this
section we outline two methods for performing such a
comparison. One will be the comparison in (x, 7) space.
The other, which we call the standard superposition me-
thod (SSM), will provide actual deviations of individual
atoms (in angstroms) between the two four-C* units being
compared when they are in a standard relative orientation
(without computational optimization of superposition).
The results of the SSM will be used as a standard by which
to judge the accuracy of the differential-geometric com-
parison method. We show, by a comparison of the results

Macromolecules

2 B 42

Figure 5. Relative orientation of the two four-C# units that are
compared in the standard superposition method.

obtained by the two methods, that the comparison method
in (x, 7) space is indeed an accurate reflection of the con-
formational differences between two structures. We begin
with the standard superposition method.

A. Standard Superposition Method. The compari-
son of protein conformations by superposition methods is
common practice.”® The method in general use is to rotate
one of the two structures relative to the other until optimal
superposition of equivalent atoms is obtained. The re-
sulting fit is then characterized by the root-mean-square
(rms) deviation between corresponding atoms.

We now present a (computational-optimization)-free
superposition method for the comparison of the individual
four-C* units making up the two structures of interest,
rather than the comparison of larger blocks of backbone.
We adopt this approach because we are interested in the
detailed comparison of local conformations, rather than
in a more coarse-grained, larger scale approach.

We suggest that, for the comparison of four-C* units, it
is possible to extract more information about differences
in folding by using an alternative relative orientation of
the two units to that obtained by optimized-superposition
methods; our alternative method does not require any
computational optimization. This relative orientation
method is illustrated in Figure 5. The two four-C= units
to be compared (designated by primed and unprimed
symbols and parameters) are so arranged that C% and C%,
are superimposed and the planes determined by (C*;, C%;,
C%,1) and (C%._;, C*, C%.4;) coincide. The orientation is
then fixed by requiring that the tangent vectors at C* and
C* be parallel

E,; ‘fif = +1 (42)
Then the vectors
Aj =ry—-r; (43)

give the deviation of one conformation from the other on
an atom-by-atom basis. It should be noted that, by con-
struction

A =0 (44)

The standard superposition (SS) that we have just de-
scribed is essentially chosen to optimize automatically the
superposition of the three C* units (C#,_;, C%, C*4,) and
(C%.y, C%, C%.41). Therefore, the vector Ay, gives a precise
measure of the difference in the manner in which the
backbone continues in the two units under study. We show
in Appendix IV that the A;’s can be calculated from {;,
7,} together with the virtual i)ond lengths and virtual bond
angles. The derivation is carried out for arbitrary geom-
etry, in which case it is necessary to use observed values
of the virtual bond length and virtual bond angle. In the
case of standard geometry, the virutal bond length is fixed,
and it is sufficient to know the initial virtual bond angle
6,, as demonstrated in paper 1.

We now turn to the distance function in (x, 7) space.

B. The (x, 7) Space Distance Function. The con-
struction of this function is based on the mathematical



Vol. 13, No. 6, November-December 1980

features of the (x, 7} representation discussed in earlier
sections of this paper. We consider two four-C* units,
characterized by DG parameters (x, 7) and (¢, 7) for their
respective C*’s. We denote the distance between the
conformations of these two units [i.e., the distance between
(x, 7) and (¢, 7') in the {(x, 7) plane] by p4. The procedure
for calculating pq follows.

1. Inversion of p;p;;;. In order to eliminate the effect
of a discontinuity in p;p;,;, we must arrange that p;p;;; has
the same sign for both units being compared. If either
four-C* unit has p,p;.; = +1, we perform the transforma-
tion to p;p;4+1 = -1 as given in eq I-17

(ki 71) = (=i, 7 /|Viga] = |7i]] sgn {7}) (45)

Henceforth, we shall assume that this transformation has
been carried out where necessary and that both («, 7) and
(¢, 7') have the same value of p;p;,;, which we choose here
as -1.

2. Calculation of p;. Case 1. sgn (x) = sgn (¢'). In
this case, both points are on the same side of the discon-
tinuity centered on the 7 axis. It should be noted that,
once the transformation of eq 45 has been carried out,
there is a periodic boundary condition at the lines

|7] = 7 /|vi41| = 0.8267 (ideal geometry) (46)

corresponding to the condition that
lvil = = (47)

i.e., values of v; (which determine 7;; eq 8) of 7 are
equivalent. This arises precisely because the rotation of
b, relative to b; by +r is equivalent to a rotation by -,
with the same value of x. This periodic boundary condition
is easily taken into account as follows. We define pq4 in this
case by

pa = Min [p4’, pg”'] (48)
where
pd’ = [(x~ k)2 + (r - 7)Y/2 (49)
and
pd = [k =)+ (1 -7+ 2uwn/|vie/DAV2 (50)

Here [v;4,| is the magnitude of |v44] in the four-C* unit
characterized by («’, ') and

u’ = sgn () (51)

Case 2. sgn (x) = -sgn («’). We assume, without loss
of generality, that x < 0 and «’ > 0.

In this case, the two points in the (x, 7) plane are on
opposite sides of the discontinuity around the 7 axis. It
should also be remembered that the shape of the discon-
tinuity is a strong function of §;, the virtual bond angle at
C#; (see eq III-7 and the discussion preceding it). In
general, the two four-C® units to be compared will have
different values of 6;, in addition to different values of («,
7). These factors must be taken into account in calculating
P

One can imagine many ways of transforming a four-C¢
unit with DG parameters (x, 7) and virtual bond angle ¢
[which we will denote by («/, 7’; 8)] to the conformation
represented by (¢, 7/; ). Each pathway between the two
conformations is of the type shown in Figure 6; the size
of the discontinuity, and therefore the length of the path,
depends on the value of 6§ that the four-C* unit has when
x changes sign. We shall measure the distance along two
alternate paths: that on which the shape of the discon-
tinuity corresponds to ¢ and that on which it corresponds
to &. The distance between the two points will be defined
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K

Figure 6. Pathway in the (x, ) plane between two points, x; and
Xg, both with p;p;4; = -1 and with opposite signs for x;. Since
points A; and A, are conformationally the same, the pathway is
from x; to A; and from A, to x,.

\\\\\\‘\\“
NS

Figure 7. Discontinuity region in the (x, 7) plane, as modeled
in the (x, 7} distance function.

as the minimum of these two. The forbidden region of the
(k, 7) plane will be modeled by a butterfly-shaped region
bounded by the lines

Kk =xmr (52)

where m, for a given 6, is obtained from eq III-7 (see Figure
7). Thus, we denote the fact that the size of the gap (and
hence the value of py) depends on ¢ by writing

pa = Min [p4(6), pa(6)] (53)
where
p4(6%) = Ml/;l {[(k + m(@)|77)D2 + (= - )32 +
T
[(m(ok)h"’l _ K/)2 + (T” _ T/)2]1/2} (54)

is the minimum distance between the two points, for § =
¢*. Equation 54 denotes the fact that, with a value of 4
to fix the size of the gap picked, the distance between the
two points (x, 7) and («/, /) must still be minimized by
picking the value of 7 at which the path connecting the
two points crosses the gap; this optimal value of 7 is de-
noted by 7/. In terms of Figure 6, this corresponds to
picking the points A; and A, such that the length of the
path connecting x; and x, is minimal.

VII. Results and Discussion

In this section we demonstrate the utility of the distance
function in (x, 7) space for the comparison of local folding
in polypeptides. We do so by demonstrating a correlation
between the distance between two conformations as
measured in (x, 7) space and that measured by the SS
method. We then show how the DG comparison method
can be used to uncover structural resemblances in protein
fragments. We close this section with some general com-
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Figure 8. Comparison of CYTI and CYTR: (A) using DG
comparison method; (B) using SS comparison method.
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ments on the DG representation.

As in paper 1, we again consider the structures of the
oxidized (inner) and reduced forms of tuna cytochrome c,
refined independently of each other by Dickerson and
colleagues.’®! As in paper 1, the two forms of the molecule
will be abbreviated as CYTI and CYTR, respectively. It
was shown by Dickerson and colleagues!®!! that the
structures of the oxidized and reduced forms are qualita-
tively similar. The preliminary comparison given in paper
1, which involved the separate comparison of « and =
values, indicated that differences remain between the two
structures. We now see, using the more sophisticated
distance function formulated above, precisely where these
differences lie and what their nature is.

In Figure 8A, we show a plot of py as a function of
residue number. [It should be remembered that, in an
N-residue chain, values of (;, 7;) exist fori =2, 3, .., N
- 2.] This plot is juxtaposed (Figure 8B) with a corre-
sponding chain plot of A;, defined as

A; = (Al + Al + 1Al (55)

The parameter A4; is simply the average of the three A’s
described in section VIA, resulting from the standard su-
perposition of the four-C# units occurring at the ith pos-
itions of the two structures. Clearly, the magnitude of A,
is proportional to the structural difference between the two
four-C® units. It therefore provides a useful standard by
which to judge the success of the DG comparison method.
As we shall show in greater detail below, the DG repre-
sentation goes far beyond the SS comparison in the useful
structural information that it conveys.

It can be seen in Figure 8A that there are substantial
stretches of the two molecules which are quite similar
structurally; these are characterized by values of p4 < 0.1
rad/A. Experience suggests that this condition indicates
similarity within the limits of accuracy of the X-ray co-
ordinates. There are substantial deviations at several lo-
cations in the molecule. The large difference in folding
at the N terminus between the two chains (commonly due
to poor electron density at the chain ends) is manifested
very clearly. There is a very substantial divergence of local
folding between the two structures at residues 22-25.
Smaller divergences also occur, e.g., at residues 48, 51-56,
77, 83, 87-89, and at the C terminus (residues 100, 101).

Comparison with Figure 8B shows corresponding peaks
in A;, The large peaks in pg (>0.1 rad/A) correspond
precisely with peaks in A; characterized by A; > 1.0 A.
Smaller peaks in py are associated with smaller peaks in
A, We also point out the almost complete correspondence
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Table II1
Analysis of Peak in p4 in Comparison of CYTI
and CYTR (See Text)

residue (k, 7), rad/A
no. CYTI CYTR
22 (0.35,-0.71) (0.36, 0.78)
23 (-0.15, 0.16) (-0.07, 0.11)
24 (0.25,-0.71) (0.17,-0.31)
25 (0.08,-0.14) (0.15,-0.31)

between trends in the two plots. Increases in p4 are gen-
erally matched by increases in A; decreases in py are
generally matched by decreases in A;.

There are, however, exceptions to this rule. The C
terminus of the molecule, at residues 99-101, should be
noted, for example. The plot of py shows an increase at
residue 100, followed by a decrease at residue 101; 4; in-
creases monotonically from 99-101. The basis for these
differences in detail lies in the different philosophies un-
derlying the two comparison methods. In the SS method,
actual atomic deviations are calculated. This is not the
case in the DG method. It should be remembered (as was
emphasized in paper 1) that four-C* units with different
values of §; (and therefore nonzero values of 4;) can have
the same values of (k, 7). The DG parameters (without 6))
describe a folding mode, rather than actual coordinates.
Nonzero values of p4 correspond to separation in an ab-
stract space in which the points represent different types
of folding. An analogy which sheds light on this concept
is provided by the classical vibrating string with fixed ends.
It is well-known that such a string can vibrate in any one
of an infinite set of normal modes, characterized by 0, 1,
.. nodes. Specification of the mode in which the string is
vibrating is not sufficient to give the coordinates of every
point on the string at a given time. One additional pa-
rameter must be provided—the amplitude of the vibration.
Nevertheless, two strings vibrating in the same mode, but
with different amplitudes, can be said to be “folded” sim-
ilarly. In the DG representation (, 7) plays a role analo-
gous to that of the vibrational mode of the string, and 6;
is analogous to the amplitude. The close general corre-
spondence between the chain plots of pq and A, indicates
that, as a practical matter, the differences in type of folding
are usually accompained by relative atomic displacements.
The existence of exceptions of the type noted above shows
that differences can occur.

In order to indicate the power of the DG method to
reveal details of local folding, it is worthwhile to analyze
one of the peaks in the p, chain plot. We consider the large
peak at residues 22-25. In Table III, we show the (x, 7)
values of this segment for CYTI and CYTR, after the
transformation of eq I-17 has been carried out. The values
of (x, 7) for residue 22 of CYTI indicate that this protein
has a left-handed, somewhat flattened helical bend at this
position [see paper 1 for discussion of the various regions
of the (k, 7) plane]. CYTR shows a right-handed, more
flattened bend. In both proteins, the local conformation
at residue 23 falls into the extended region. The magni-
tudes of x and 7 at residue 23 are both larger in CYTI,
indicating that in CYTI the chain is less straight and less
flat (more twisted) than in CYTR. At residue 24, CYTR
has local structure typical of a left-handed, somewhat
twisted extended region. CYTI has a much more twisted
left-handed structure, more open than, but not very dif-
ferent from, a left-handed helical bend. At residue 25,
CYTI has a fairly flat, extended local structure, while
CYTR has the same type of local folding as at residue
24—a more twisted (left-handed) extended structure.
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Figure 9. Comparison of CYTI and GPDR: (A) using DG
comparison method; (B) using SS comparison method.

A more detailed discussion of the structural significance
of the various regions of the (x, r) plane will be given in
the next paper in this series.* It is clear from the foregoing,
however, that the DG approach provides more than simply
a convenient method for conformational comparison. It
also provides detailed information about the local folding
of each molecule separately. It is interesting to observe
that the section of backbone represented by this peak in
p4 is located on the outside of the molecule.!®!! This is
also the case for the peak at residues 51-56. Because these
backbone segments are exposed to solvent, they have more
freedom of motion than segments confined in the interior
of the protein. This reflects itself experimentally in more
diffuse electron density and, therefore, in somewhat dif-
ferent coordinate assignments and local folding. The
differential geometric analysis is thus able to correlate with
intuitive ideas about the folding of the two molecules (see
Addendum).

It is of interest to apply the DG and SS methods to the
comparison of two very different structures, in order to
show that the agreement between the two methods is not
an artifact arising from the high degree of similarity be-
tween CYTI and CYTR. We therefore conducted a com-
parison between CYTT and the first 103 residues of lobster
glyceraldehyde phosphate dehydrogenase, red subunit
(GPDR).1? The results of this comparison are shown in
Figure 9. It is clear that the chain plot of py is again very
highly correlated with that of A;, despite the very low
similarity of the two structures. The correspondence be-
tween the results obtained from the two methods is thus
real.

We now give another example of the power of the DG
method for detecting similarity between conformations,
by comparing two domains of ferredoxin whose similarity
has been noted previously.® In Figure 10, we show the
comparison of residues 1-26 of ferredoxin!® with successive
26-residue segments of this protein, beginning at the N
terminus of the molecule. We plot the average value of
P4, i.€., Py, for each 26-residue comparison, as a function
of the number of the second residue in each 26-residue
strip [this being the first residue in the strip for which (x,
7) exists]. The first point, of course, represents comparison
of identical structures, so that pg = 0. It is clear that the
point at N = 29, with 54 = 0.124, is much lower than the
other points, indicating very good matching between res-
idues 1-26 and 28-53. In fact, the mean value of p4 for
the nonidentical strips, including 28-53, is 0.408 £ 0.081
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Figure 10. Comparison of residues 1-26 of ferredoxin with
successive 26-residue strips of ferredoxin. The abscissa is the
number of the second residue in the strip with which 1-26 is being
compared. The ordinate is the average distance between coin-
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Figure 11. Chain-plot comparison of residues 1-26 and 28-53
of ferredoxin.

rad/A, so that the match of 1-26 and 28-53 is 3.5 standard
deviations better than the average. In Figure 11 we show
a chain-plot comparison of 1-26 with 28-53. There is
clearly excellent agreement, except at the 4th position
along the two strips (residues 5 and 32) and at the end of
the strip (residues 24 and 51). Inspection of the actual
optimal superposition® reveals, however, that there is a
one-residue insertion in the second domain, so located that
the C? of residue 31 is equivalent to that of residue 5 and
the C* of residue 34 is equivalent to that of residue 7. This
is brought out very clearly by the large peak in p4 at
positions 4 and 5 along the strip, corresponding to the
attempted matching of local conformations at residues 5
and 32 and 6 and 33. The divergence of local folding at
the end of the strip, noted above, is also clearly visible in
the superposition.” The DG method has successfully
chosen the one of the two possible registrations of the
26-residue first domain with the 27-residue second domain
which is best with respect to similarity of local folding. The
similarity in local folding at positions 1-3 along the strip
is real, although residues 2—4 are out of registration with
residues 29-31 in the superposition,? due to the one-residue
insertion. We have thus demonstrated the ability of the
DG comparison method to detect conformational similarity
without the use of optimization.

We close this section with some general remarks on the
differential-geometric approach to protein backbone
structure. The principal thrust of the first two papers in
this series has been the development of the fundamental
equations, and application to the comparison of structures.
This reflects our view that a method is needed for the
comparison of local backbone folding, as shown by four-C=
segments of the backbone. In this paper, we have dem-
onstrated that the DG method is capable of pinpointing
divergences in local folding between two conformations in
the neighborhood of each residue of the backbone, without
the need for optimization of superposition of the two
conformations. We have also demonstrated, however, that
the DG approach provides precise and detailed information
about each conformation separately. This is because the
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DG approach is a representation, in the same sense that
the set of (¢, ¥) gives a complete representation of the
molecular structure. The («, 7) representation, however,
operates on a different, longer length scale than the (¢, ¢)
representation; the former describes the structure of
four-C¢ units, while the latter describes the structure of
individual residues. The (x, 7) representation, in turn,
operates on a shorter length scale than the distance rep-
resentation,'* in which backbone structure is determined
by specifying the distances between all pairs of C*’s in the
molecule, including those remote from each other in space.
We stress the fact that these three approaches are com-
plementary. Although they all contain the same infor-
mation, the method of presentation of each emphasizes
different aspects of the backbone folding. Thus, for ex-
ample, bends, which are somewhat difficult to classify in
terms of (¢, ¥),!® are handled in an elegant and structurally
intuitive manner by the DG representation. The recently
developed distance geometric methods, which are based
on the distance representation, are a somewhat more
natural method for the study of long-range interactions.
We will discuss the extension of the DG representation to
longer length scales in a forthcoming publication.*

A corollary of this hierarchy of length scales in proteins
is the existence of “degeneracy” in protein organization,
a point which is clearly brought out by the DG repre-
sentation. For example, as noted above,'® there are 11
classes of bends in terms of (¢, ¥). It was demonstrated
in paper 1 that bends of distinctly different (¢, ¥) types
can fall quite close to each other in the (x, 7) plane, in-
dicating a high degree of structural similarity in terms of
actual C* arrangement. In general, the chain has several
possible ways on the single-residue scale of accomplishing
a given arrangement on the four-C= length scale. This
“degeneracy” undoubtedly extends to longer scales in the
molecule. It is intriguing to speculate that this feature may
play a role in protein self-organization.

Summary

In this paper, we have dealt with a number of mathe-
matical aspects of the differential-geometric representation
of protein backbone structure and have presented a more
refined method for the comparison of protein backbone
conformations than that of paper 1. This comparison
method requires no optimization of superposition and
reveals differences in local folding in the neighborhood of
each residue along the backbone. The following mathe-
matical points were discussed.

(1) The dependence of x and 7 on the factor p;p;+;, which
can assume the values 1, The result of small changes in
conformation, which cause p;p;+; to change sign, was
demonstrated, as was the proper method for including such
changes in the distance function in the (x, 7) plane.

(2) It was shown that there is a discontinuity in the (x,
7) plane, centered on the 7 axis, arising from the inversion
of g;, the sign of «;, which can assume the values £1. The
dependence of the form of this forbidden region on 4, the
virtual bond angle, was discussed, and a method for in-
cluding this effect in the (x, 7) distance function was
outlined.

(3) An error in the discussion of local parity (chain
handedness) in paper 1 was corrected. It was shown that,
as a result of this correction, the DG method is a much
more powerful tool for the discussion of local parity than
suggested in paper 1.

(4) A brief discussion of the inverse process, for passing
from a set of (x; 7;) and an initial 6, to a set of coordinates
for C*’s, was given. Results of this transformation were
summarized for bovine pancreatic trypsin inhibitor.
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Figure 12. Construction for determining the condition for in-
version of p;p;4;. See eq [-23.

Figure 13. Effect of increasing 7; at fixed x;, for x; <\, View,
looking backward along {; (represented by the central black dot)
toward C%. The virtual bond v;+ connects C% and C,y. C%y

lies dlrectly behind C*;;;. By the definition of curvature (eq 6),
C?4, must lie on a cone T; with apex at C%, whose axis is coincident
with t;, and which makes an angle x; with £, The circleis a cross
section of this cone in the plane Q which is perpendicular to {;

and contains C%;. C%4, must also lie in a plane O determined
by the torsion 7, The oblique lines represent the intersections
of the planes O and Q for various values of 7;. As noted in the
text and in paper 1, the two intersections (A and A’) of O and
T, for a given 7, (and likewise B and B’ for another value of ;)
represent the two possible locations of C%..,, given x; and ;, and
are distinguished by different values of g;, the sign of x;. At the
point C (identical with C’), which has the maximum possible 7;
for the given x;, the conformations with ¢; = +1 and -1 become
identical.
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Figure 14. Path traced in the (x, 7) plane as the deformation

of Figure 13 is performed, with C and C’ corresponding to the
same conformation.

(5) A standard superposition method was described for
determining atomic displacements of the C*s of one
four-C* unit relative to those of another without compu-
tational optimization of superposition. It was shown that
this method provides information about local folding de-
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Figure 15. Effect of decreasing x; at fixed r;, for x; < A;. View
of same type as in Figure 13. In a—c, x; decreases; in d, x; has
begun to increase, along the second branch of g;.
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Figure 16. Path in the (x, 7) plane traced out by the transfor-
mation of Figure 15, with both C’s representing the same point.
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Figure 17. Plot of || as a function of |r;| for various 6;, along
the boundary of the gap centered on the 7 axis.

viations and is therefore a useful standard for judging the
accuracy of the DG comparison method.

(6) The distance function in the (x, 7) plane was for-
mulated and its accuracy for conformational comparison
demonstrated by comparison with the standard superpo-
sition method outlined above. It was shown that the DG
method provides detailed structural information about
each conformation separately, making it possible to pin-
point the location of local structural differences on a
four-C= length scale and to describe the nature of these
differences precisely. Three specific cases were treated:
comparison of oxidized and reduced cytochrome ¢, com-
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Figure 18. Plot of m (eq III-6 and III-7) vs. w.

parison of oxidized cytochrome ¢ with glyceraldehyde
phosphate dehydrogenase, and comparison of the two
domains of ferredoxin. The latter comparison is a par-
ticularly striking demonstration of the power of the me-
thod for the detection of structural similarity.

We closed the paper with a general discussion of the
properties of the DG representation and its relationship
to other representations in common use.
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Appendix I. Proofs of Theorems 1 and 2

A. Proof of Theorem 1. We begin by noting that,
according to eq 12-15

B; = pi(vi + vi41) X (vi - viy) (I-1)
Upon rearrangement, this gives
B; = 2p;(vi41 X V) (I-2)
from which it follows that the unit vectors are
. Visr X V;
= p———— 1-3)
' pl|"i+1 X vy
and similarly
. Vite X Vg
by = pipy———— (1-4)
i pl+1|"i+2 X Vipl

From eq 8, I-3, and I-4
v; = cos™t (b;-b;11) (I-5)

Viel XV Vigp X Vi
= cos™ {pipi+1|vi+1 X Vi [Virg X Vi+1|} T6
Furthermore, from eq 2, 4, and 9
u; = sgn (brfi) (I-7)
= sgn (ppi1[Eie1 X My )th) (I-8)
= pipi+1 880 ([E41 X fh14,]10) (I-9)

Therefore, from eq 8, I-6, and I-9, inversion of the sign of
DiDi+1 causes 7; to assume the new value #; given by

5 = [ T Venlind |
T = ( Vo] ) sgn (1) (I-10)
= ~(7/IVix| ~ |7]) sgn (7)) (I-11)

[In the case of ideal geometry, |v;1,] = 3.8 A, and 7; = —[0.83
= |71 sgn (r;).] The tangent vector, t;, is independent of
the p;’s. Therefore



1450 Rackovsky and Scheraga

Xi = COS_1 (f, 'Ei+1) (1'12)

is unaffected by a change in sign of p;p;;;. From eq 2, 4,
and 7, however

q; = D; 8gn [(fi X Ei+1)'f)i+1] (I-13)
= p; sgn [pia1(t; X 84) (B X ;)] (I-14)
= PiPi+1 88N [(fi X Ei+1)'(f3i+1 X 149)] (I-15)

Therefore, inversion of the sign of p;p;,; causes «; to assume
the value %; given by

TCi = K (1-16)
Hence, we see that, when p;p;+; changes sign
(ki ) = (K, ) (1-17)

where %; and #; are given by eq I-16 and I-11, respectively.
This confirms mathematically the observation made in
paper 1.

[It should be noted, incidentally, that the quantity in
square brackets in eq I-15 can be expanded by using
standard vector identities

(€ X Bi0) (B X 1y4q) = (B Bty - (Ei.ﬁ(lIiH)S)
-1

= (fi41M4q) cos x; — (£;1y4) (I-19)

In ideal geometry, where all |v;| = 3.8 A, the local coor-
dinate frame is orthogonal and

Ei+1‘ﬁ1i+1 =0 (I-20)

In this case, therefore
q; = ~pipi+1 sgn (t;-myyy) (I-21)
= -p; sgn (;fi;0) (I-22)

and we have a much simpler formula for g; than eq 7].

B. Proof of Theorem 2. We now turn to a determi-
nation of the conditions under which the product p;p;41
inverts sign. It follows from eq 2, 3, and 13 that p;p;4; =
sgn (M,,,"M)); hence, M,,; and M; are perpendicular at the
point of inversion, i.e.

MH—I'MI' =0 (1-23)

As can be seen from Figure 12, eq I-23 is satisfied by any
V;+o lying on a cone forming an angle py with M;. In order
to identify the point of inversion, it is necessary to de-
termine p;. To do so, it is convenient to take C%,, coplanar
with C¥s i -1, 1, i + 1; this can be done without loss of
generality.

The angle « (required for use in eq I-32 and I-33 can be
determined as follows. From eq 12

vi=T - vy (I-24)
Therefore
Vil2 = T2 + [visal* - 2T vy (I-25)
=T + [vissf* - 2/T|[Visgl cos @ (I-26a)
Hence
08 o = T2 + [Vied]® = [Vif? (1-26b)

2T vl
Now, from eq 12

T2 = [vil® + [Vie1l® = 2IVillvisg| cos 8, (1-27)
Therefore

cos a =
(i1l — Vil cos ) /[[Vif? + [Vis1|? = 2Vi[|Visa] cos 6;]2
(1-28)
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In nonideal geometry, the local coordinate frame is not
orthogonal, i.e., ¢ # 90° (Figure 12). The angle ¢ is de-
termined by

Mi'Ti = |M,||T,| COS ¢ (1-29)
Applying the definitions of M; and T,
cos € = (Ivif* = Vi) /IM{{|T| (1-30)

where, according to eq 13
IMy? = [vi2 + |Viga* + 2}vil[Vies] cos 6;  (I-31)
and |T}| is given by eq I-27. Now

Sd=m1—-—a-—c¢ (1-32)
and, since AB is perpendicular to M; by construction
§=7n/2-6=a+e—7n/2 (1-33)
The quantity x defined in Figure 12 is given by
X = |V sin ¢ (I-34)
But
sin {7 = x/|V;3 (1-35)
Hence
sin {’ = Wieal sin ¢ (I-36)
[Viszl
Therefore
po=m/2-¢ (I-37)
= r/2 - sin! {'v‘“l sin ;} (1-38)
[Visel

Using eq [-33 and the properties of the trigonometric
functions, we obtain

[Visal

[Visa|

po=m/2-sin?! {— cos (a + e)} (I-39)

In general, therefore, if p is the angle defined by
~VirgM; = [Vii M| cos p (I-40)
then, as can be seen from Figure 12 and eq 3, the sign of

the component of M;,,; on M; (i.e., p;p;+;) depends on the
relative sizes of p and p; i.e.

pipis1 = —1 for p > p, (I-41a)

and

pibis1 = *+1 for p < p, (I-41b)
Therefore, p;p;+; changes sign when the conformation is
such that p = p,, where pq is given by eq I-39. [It should

be noted that, for standard geometry, where |v;| = 3.8 A
for all ¢

o = cos™! [sin (6;/2)] (1-42)
and
e=m/2 (1-43)
so that
po =6;/2 (I1-44)

Also, for standard geometry, v;., moves on a cone, one of
whose edges is collinear with v;,; when p = p,. Inspection
of Figure 12 shows that p = p; when x; = A;; hence, if p <
po, then p;piy; = +1 (by eq I-41b), a condition that can
occur only when x; > A;.]

We have thus established that, in certain regions of (x,
7) space, a small displacement of the conformation of a
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four-C* unit, sufficient to cause p to change magnitude
relative to p, (eq [-41), can lead to a change in sign of p;p;44
and, therefore, to a jump in (x, 7) given by eq I-17. This
jump is similar to that which occurs in systems with per-
iodic boundary conditions—e.g., in the (¢, ¥) representa-
tion of a peptide, when a small increase in a dihedral angle
that lies near 180° causes the point (¢, ) to reappear near
the -180° line. This behavior is taken into account in a
systematic fashion in the distance function described in
section VI.

Appendix II. Determination of Inversion
Pathway (|r,%| as a Function of «; and ;) for
Standard Geometry

In this appendix, we solve eq 22-24. We shall assume
standard geometry, which is sufficient for the illustrative
purposes of this calculation and simplifies the algebra.
Therefore

vi=38A (II-1)
for all j.

Let us denote the angle between v; and vy, by Q; 0.
Then, from eq 22 and II-1, at a point of inversion

cos Q; ;40 = —(cos §; + cos 6,4, + 1) (11-2)
Expanding eq 23 and using eq II-1 and II-2, we find
~cos 8; ~ cos 0,41 = 2 sin (6;/2) sin (0;+,/2) cos x; (II-3)
Similarly, from eq 24, II-1, and II-2 we find

|cos 8,4, cos 6; + cos 0; + cos 6,4, + 1| =
sin §; sin 0,4, |cos v;| (II-4)

Therefore, at a point of inversion, we have eq I1-3 and II-4
as simultaneous equations. For convenience, let us es-
tablish the notation

X = cos 6; (I1-5)
Yy =cos 04, (II-6)

Then, making use of the properties of the trigonometric
functions and the experimentally observed bounds!® on 6

75° < § < 145° (II-7)

eq II-4 and II-3 can be rewritten as the simultaneous set
of equations

(1 + x)l/Z(l + y)1/2 = (1 _ x)1/2(1 _ y)l/Z |COS 7;| (11_8)
—(x+y) =1 -x)Y3(1 - )% cos x; (I1-9)
From eq II-8

1-x)1-y

But y can be determined in terms of x by eq II-9. The
solution is readily seen to be

1 1 12
cos vy; = :h[ m] (II-10)

2y = (-2 + cos? x;)x — cos? x; £
(1 - x)Y2 cos x;[(4 — cos? x;)x + (4 + cos? x)]!/2
(II-11)

In general, only one choice of sign gives a value of y which
is also a solution of eq II-9. That value of y, together with
eq II-10, enables us to determine |7,°| as a function of 6,
and x; by numerical evaluation.

Appendix III. Proofs of Theorems 3 and 4

In this appendix we prove theorems 3 and 4 of section
ITIB. Recognition of the existence of a discontinuity is
important in constructing a distance function since the
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distance between any two points separated by the dis-
continuity must be reduced by the size of the gap in the
path connecting them.

A. Proof of Theorem 3. One way of showing that there
is a discontinuity is to consider the effect of increasing 7
at fixed x. As shown in Figure 13 (and previously in paper
1), for given t and x, there are two possible positions of
C%49. It was shown in paper 1 that these are characterized
by opposite signs of g;. As |7} increases, these two points
approach each other along the surface of the cone deter-
mined by the value of x. At the point C (=C’) the two
points coalesce. The corresponding path (e.g., going from
A to A’) traced out in (x, 7) space is shown in Figure 14.
It can be seen that points C and C’, which coincide in
actual conformation, are separated by a gap in Figure 14.
This is the discontinuity that we wish to demonstrate in
the (x, 7) plane.

Alternatively, we can follow a path of decreasing x at
fixed 7. Four stages in such a path are shown in Figure
15. The corresponding path in (x, 7) space is shown in
Figure 16. Once again we note a discontinuity in the (x,
7) plane in going from A to D.

From the illustrations in Figures 13-186, it is seen that
the existence of this gap arises as a combination of two
factors. One is that, for x; < A;, there is a maximum
possible value of ; for a given x; (i.e., |«;]); this is a purely
geometric factor. The other is the mathematical conven-
tion that g;, the sign of «;, distinguishes between the two
possible positions of C*., for given 7; and x;.

B. Proof of Theorem 4. We now examine the size and
shape of the gap. It follows from the foregoing that the
point at which the discontinuity occurs is the point at
which the two solutions for §;,, in terms of x;, v,, and 6,
are equal (the details of this solution are discussed in paper
1). From eq A-12 of paper 1, these two solutions become
equal when the following condition (in standard geometry)
is satisfied

cos v; cos w;[cos? v; cos? w; — cos? x; + sin? w;]/2 =0

(I11-1)
where «; is given by eq 10.
The solution
cos w; =0 (111-2)
is ruled out by the limits!® on the angle 8
75° < § < 145° (I11-3)
The solution
cosy; =0 (I11-4)

corresponding to v; = =, is possible only for x; > X, for
which there is clearly no discontinuity across the r axis (as
stated above, the gap arises only when x; < A;). Therefore,
the only solution of interest is given by setting the
bracketed term in eq III-1 equal to zero, from which we
have

cos v; = x[{cos? x; — sin? w;) /cos? w;]/2  (I1I-5)

along the discontinuity; i.e., eq ITI-5 is satisfied at all points
along the borders of the discontinuity gap. This equation
enables us to study the discontinuity as a function of x;
and ;. The result is shown in Figure 17, in which we plot
|«;| as a function of |7, along the boundary of the gap for
various values of §;. Each of these curves describes the size
and shape of the gap around the 7 axis for the given value
of §,. It is clear that the size and shape of the gap is a
strong function of 6,. It is also clear that, for a given §,,
|| is very nearly linear over a substantial range in |7|. It
is useful in the construction of the distance function in the
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(k, 7) plane to plot this initial slope m of the curves of
Figure 17 as a function of 8, where m is defined by

(I111-6)

As is shown in Figure 18 this is well fit by a straight line
with the formula

x| = m]7))

= -0.0146w + 1.3221

when w = §/2 is measured in degrees.

Inspection of Figure 3 reveals the presence of a but-
terfly-shaped gap about the 7 axis, of the type discussed
above.

(III-7)

Appendix IV, The Standard Superposition
Method

In Appendix V we derive the simultaneous equations for
the components of A;; and Ay, in the local coordinate
frame (t,, 11, b;). It should be noted that, to convert to
the (t;, A, b;) frame, the m; components should be mul-
tiplied by p, (see eq 2). The equations are

Arti - Ayt = TV - Ty (Iv-1)

Aurti + At = My cos m; ~ [M/| cos n/ (IV-2)
Ayt - A e = |T/| cos n; — [Ty cos n; (IV-3)
Ay + Ayt = (M| - [M/| cos H;  (IV-4)

The angles 7/, n;, and H; are defined in Appendix V. Since
A4 and A are both in the plane of v;, v;, V41, V41, and
therefore perpendicular to b,

Anrb; = A b; =0 (IV-5)

We now need the components of the posmon of C%,yin
each of the two four-C® units in the (i, f;, b;) frame. But
it should be noted that, by eq 12, the position vectors of
these two C%.,’s in the local frame are simply T;.; and
T;+1’. We therefore calculate the components of these
vectors in the local coordinate system.

The details of this calculation are relegated to Appendix
VI. The results are as follows:

Tirdi = [Tise] cos x; (IV-6)
Tirmh; =
(TiIT41] cos x; = 2Visal* + 2|Visal[Vi1] cOs b;41) /M|
av-7)
~ 2D Virer (Vigy X V)
b, = +1U[Vire (Vigg | (IV-8)

IT | Ml[sin 7

where |v; o (viy; X v;)| is calculated from eq ITI-10. It
should be noted once again that the fi; component of T;,;
is obtained from eq IV-7 by multiplying by p;. Premsely
analogous results hold for the components of T;,,’ in the
&/, 4/, b)) system.

Of course, in calculating the magnitudes of the A, we
must take cognizance of the fact that neither the (tl , i,

b/) system nor the (&, i;, b,) system is orthogonal in general
and that the angles between axes in the two systems are
generally different. This is straightforward.!” The com-
ponents of A;; and A, are already expressed in the (f,-,
ii;, b;) frame as solutions of eq IV-1 to IV-4. It remains
only to observe that the magnitude of A; G =i+ 1,i-1)
in this frame is given by

A2 = A? + Ap? + 2A,A,, cos 7; (IV-9)

where
A = (Aj-fi - A1y cos ;) /sin® n; (IV-10)
= (A;m; - Ajt; cos ) /sin? ; (IV-11)
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The components of T,,,’ are given in the t/, i/, b/) frame
by the analogues of eq IV-6 to IV-8. The transformation
of the (t/, ;) components of T;,;" to the (f;, t;) compo-
nents is given by

(T, = (TisiDy = (Tie1Imy sin H;/sin n; (Iv-12)
(Ti+1’)mi = (Ti+1/)m," sin ﬂi//sin n; (IV'13)
where
(Tirt) — (Typy1hy) cos n/
(TisiNy = = ; 2+1, (IV-14)
sin® n;
(T,‘ "ﬁli’) - (T, /'Ei/) COS 7),'/
(T4 )y = e = Iv-15)

sin? 5/
Analogues of eq IV-14 and IV-15 hold for (T,;,),, and

(Ti+1)m. It is also clear that
(Tis1 o, = Pi(T i1 )y, (IV-16)
and
(TisDb, = Tietb; = pi/pi T "by (IV-17)
Finally
|Az+2| = [(T;+1 ) (T;+1)b] +
[(Tis1)y, - (Tz+1)t,,v]2 + (Tt = (Tien 2 +
2[(Ti+1’)t,- - (Ti+1)t.-][(Ti+1,)n,~ - (Ti+1)ni] cos n; (IV-18)

which completes the determination of the magnitudes of
the A; Equation IV-9 gives the magnitudes of A;4; and
A; ;, and eq IV-18 gives that of A;,,; these are measures
of the deviations of the two structures in the SSM. It
should be noted that the determination of the components
of Ty, (which js equivalent to the determination of v;,,)
in the (f;, i, b) frame essentially completes the repre-
sentation of the virtual bond vectors in the local coordinate
frame, for arbitrary geometry, as mentioned in the para-
graph following eq 28. The representation of -v; and v,
in the local frame at C¢ is straightforward.

Appendix V. Derivation of Eq IV-1 to IV-4

In this appendix, we derive eq IV-1 to IV-4, for the
components of A;_; and A in the (&;, i, o) local coor-
dinate frame. We begin by noting that, from eq 12, 5, and
43

T/ =T+ Ay - Ay (V-1)

Taking the dot product of T; with both sides and using eq
42, one arrives at the result

ATy - ATy = [T/||Ty| - |Tyf? (V-2)
Dividing through by |T;| and using eq 1, we arrive at
Ayt - Aty = [TY| - Ty (V-3)

which is eq IV-1.

We now note that, for arbitrary geometry, the local co-
ordinate frame is not necessarily orthogonal. We therefore
define angles 5, and 5, between the tangent and normal
by

T;-M; = |T;||[M,| cos ; (V-4)
and
T/ My = |T/||[M/| cos 7/ (V-5)
and their difference by
Hi=n/-m (V-6)

It is readily seen from eq V-4 and the definitions of T; and
M,‘ that
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|V'|2 - |V'+1|2
cos n; = - : V-7
[Visr + Villvi = Viedl

with an analogous equation for cos /. Clearly, if |v;| =
[vi+1] (as in standard geometry), n; = =/2. It should be
noted that, by construction, b; is orthogonal to §; and #;
(h;) in arbitrary geometry.

Now

M/=M-4;,-44 (V-8)

by reasoning analogous to that which led to eq V-1. Taking
the dot product of eq V-8 with M;, and noting that the
angle between M, and M; is H;, leads to the result

ApM; + Ay M; = M - [MIM/| cos H; (V-9)

Dividing through by [M;| leads to eq IV-4.

Likewise, taking the dot product of eq V-1 with M, leads
to eq I'V-3; the dot product of eq V-8 with T; leads to eq
IV-2.

Appendix VI. Derivation of Eq IV-6 to IV-8

In this appendix we derive eq IV-6 to IV-8 and the
analogous equations for T,

Equation IV-6 follows directly from eq 6, 1, and 12. To
derive eq IV-7 we note that

Ti+1'T; = |Ty||Tis4] cos x; (VI-1)
= (v; + vip) (Vg1 + Vigo) (VI-2)

= |Vir1l? + Viso Vi = [Viga|[Vi] €08 6; = [Vigal|Vis1] cOS 64y
(VI-3)

Therefore
ViegVi = |Tif|Tipq| cos x; + [Vixa|lVi| cos 6; +
Vil [Vira| €08 Oi1 = [Viyg|? (VI-4)

Now
T M; = (Vigr + Vigo) (Vi — Vigy)
= VipoVi — [Visglvil cos 6; — [vigq? +
[Vi+1/lVieal cOS 641
(VI-5)
Substituting eq VI-4 and dividing by {M,|, we find
Tirmy; =
(ITTi41f cos x; = 2AVisa|® + 2|ViasllVisa| co8 8:41) /IM|
(VI-6)
which is eq IV-7.
The third component of T;;; can be written
Ti+1'Bi = Ti+1'(Ti X Nl) (VI-7)
Using eq 12-14, we find
Tit1'B; = 2p;(visg X v))Vi4p (VI-8)

The absolute magnitude of the vector triple product in eq
VI-8 can be calculated by using the well-known relation

(A-B)* = |AFBJ* - |A X BJ? (VI-9)

When applied to the product in question, eq VI-9 gives
(after some algebra)
Ve (Vigr X V)] =
IVir11Virol?vi® sin? §; — (v;+v;49)% +
2(v;*Vis2)|VisellVil €08 8; c0s B;41 — [Vi{3|Vipo|? cO8? §;4,}1/2
(VI-10)

This can be evaluated by using eq VI-4. R

It remains only to calculate the sign of T;'b;. From
eq 9

u; = sgn (B4 °N)) (VI-11)
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But
Bi1r'N; = (Ti4g X Niy)N;
Using eq 12-15, we find
(Tis1 X Niy)'N; = 2pipis1 (Ving X Vip)+(V; = Vigy)

(VI-12)

(VI-13)
= 2PDi+1(Vig1 X V))*Viso (VI-14)
= Pis1(Tis'By) (VI-15)

where the last line follows from eq VI-8.

We thus have
u; = pi+1 sgn (Ty By (VI-16)
or

sgn (T;41'B) = Py (VI-17)

which is equivalent to 41. Equations VI-17 and VI-8 and
the observation that

B;| = |T; X My
= |T;||M;llsin n;]

(VI-18)
(VI-19)
give eq IV-8.

Addendum

After submission of this paper, we received from Pro-
fessor R. E. Dickerson preprints of new, high-resolution
studies'®® on CYTI and CYTR and a comparison of these
structures by superposition methods. It is interesting to
note that many of the differences present in the 1977
structures have been eliminated by the new refinement,
including those in the area of residue 24. The differences
in the vicinity of residue 55 apparently remain and con-
stitute a real difference between the oxidized and reduced
structures.
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